The purpose of this paper is to apply robust μ-synthesis output-feedback controller design for seismic alleviation of multi-structural buildings with parametric uncertainties and to tackle the instabilities and performance declines due to these uncertainties. To this aim, a general lumped-mass tree-building model of a shear-frame multi-structure with horizontal movements is developed, first. Then, an output-feedback controller based on the theory of structured singular value is designed for the main structure that not only alleviates the earthquake excitation but also guarantees the stability of the closed-loop system. Finally, to investigate the effect of the designed controller on the main and neighbouring structures, numerical simulations using historically recorded ground accelerations are carried out, where certain percentages of uncertainties are added to the multi-structure's parameters and the results are compared to those for passive structures and the results are discussed.
The displacement of the i-th story in the j-th building u i (t)
The actuation force exerted by actuator implemented between stories i − 1and i in the main building T u Control location matrix T w
Disturbance input matrix w(t)
Ground acceleration x(t)
State vector y d (t) Vector of story displacements relative to the ground y s (t)
Vector of inter-story drifts y a (t)
Vector of inter-building approaches y sen (t) Vector of sensor outputs mathematical model, only the control system's order and the ability to measure control disturbances are needed [18, 19] . Nevertheless, SMC demands several high control activities, which are not useful for all types of control elements [10] . Adaptive control is commonly used for controlling a system with uncertain, unknown, or slowly varying parameters [20] . The controller updates the parameters of the plant model based on input and output data to compute the next control output. Then, the controller performance strongly influenced by the accuracy of the identified system model. Intelligent control is based on emulating some characteristics of human brain. Three related methodologies that have been applied for civil structures are neural network (NN), fuzzy logic (FL), and neuro-fuzzy (NF) [21] [22] [23] [24] . The use of these algorithms for identification and control of smart civil structures does not need either knowledge of rule-based or mathematical process model. They can be used for nonlinear systems. However, results show that intelligent controllers are effective for structures equipped with magneto-rheological (MR) dampers [10] . Linear quadratic regulator (LQR) and linear quadratic Gaussian (LQG) controls are commonly used methods of optimal control theory in the control of civil structures [25] [26] [27] [28] [29] . They can control multi-input multi-output (MIMO) systems and are able to attenuate all disturbances within the control bandwidth. However, LQG and LQR are only applicable to structures with known system parameters, limited bandwidth and they are sensitive to spillover [30] .
Another optimal control theory used in the control of civil structures is H 2 and H ∞ [31] [32] [33] [34] [35] [36] [37] [38] [39] . The procedure consists of finding a causal controller which stabilizes the system and minimizes the quadratic performance index. Results show that H ∞ index not only maintains the stability of the structure against system's uncertainties but is also more effective in terms of root mean square (RMS) displacement for vibration control of structures [40] . Even though the most remarkable cases of SVC for seismic protection are those including huge structures as long-span bridges or tall skyscrapers, a wide variety of smaller structures for which a particular level of seismic protection might be requested, such as emergency power plants, central police stations and hospitals, should be considered [41] . Moreover, it should be considered that in spite of the medium or small size of individual structures, the whole structural system could be extremely complex, including two or more adjacent buildings and a group of attached substructures, with some level of uncertainties which may require different levels of seismic protection. The seismic excitations on multi-structure systems can lead to undesirable interactions among the different substructures such as interstructure collisions that might cause severe structural damage. Additionally, the mechanical properties of the structural system might vary due to variation in mass and material characteristics of different parts. Accordingly, SVC designs for multistructure systems should aim at three objectives: (i) decreasing the vibrational response of the main substructure, (ii) avoiding unwanted inter-structure interactions such as pounding events and (iii) maintaining robust performance of the active structure due to paramedic uncertainties [41] .
The above review clearly indicates that while there are lots of studies on seismic vibration control of structures, the study of robust output-feedback H ∞ control on a general multi-structure system with parametric uncertainties under recorded seismic excitations seems to be nonexistent. For filling this gap, a general model of a shearframe multi-structure as a lumped-mass planar system with movements in the path of the ground motion for a three-building system is developed. Then, an optimal robust controller using μ-synthesis is designed for the main structure, to guarantee the stability of the closed-loop system with parametric uncertainties on combined structures with an arranged level of disturbance rejection. The desired dynamic controller can be obtained using D − K iteration procedure [42] . To illustrate the performance of the proposed control method, an earthquake-excited multi-structure consisting of three buildings with active control system on the main building is used. For the numerical simulations, historically recorded ground accelerations, i.e., the El Centro (1940) and Kobe (1995) earthquakes are considered as external disturbances. Finally, the results of numerical simulations are discussed to investigate the capability of the method and its robust performance is studied.
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The remainder of the paper is organized as follows. First, a simplified shearframe structure of building is developed in Section 2. Then, the general structured singular value (SSV) procedure for control design of systems with parametric uncertainties is presented in Section 3; numerical simulations of the seismic response corresponding to the designed controller on a particular three-building system due to two medium-sized and large-sized seismic excitations are presented and compared with the passive structure in Section 4. Finally, concluding remarks are provided in Section 5.
BUILDING MATHEMATICAL MODEL
A simplified shear-frame structure which is modeled as a lumped-mass planar system with movements in the direction of the ground motion for a three-building coupled system, shown in Fig. 1 , is presented in this section [41] . The buildings' motion can be described by the following second-order model, (1) where M is the mass matrix; and C and K are the total damping and the total stiffness matrices, respectively, including the damping and stiffness coefficients of the buildings, and also the damping and stiffness coefficients of the linking systems. The vector of story displacements with respect to the ground is (2) where represents the displacement of the i-th story in the j-th building corresponding to time t. It is assumed that a set of interstory force actuators is located between every two neighboring floors in the main building, as indicated in Fig. 1 , where u i (t) is the actuation force exerted by actuator between stories i − 1 and i in the main building at time t. The vector of control forces produced by the actuators is represented as 
As shown in Fig. 1 , the force delivered by the actuation device produces a pair of opposite forces acting on floors i − 1 and i of the main building. This actuation scheme is modelled by means of the control location matrix T u . Finally, T w is the disturbance input matrix and w(t) is the ground acceleration. Note that the explicit dependence on time of u i (t) and w(t) has been omitted in Fig. 1 to simplify the notation; this will also be done in the sequel when convenient. The mass matrix in equation (1) has a block diagonal structure as, (4) where [0] r × s is an r × s zero-matrix and M (j) is the mass matrix of the j-th building, and (5) The total damping matrix can be written in the form
where (7) is a block diagonal matrix corresponding to the internal damping of the buildings with tri-diagonal blocks as
and denotes the damping coefficient of the i-th story in the j-th building. The damping matrix C L corresponds to the linking system and can be written as a block matrix as follows (9) ( ) 
. 
n n n n n n n n n n n n n n n n 
where is the damping coefficient of the r-th linking element between the first building and the j-th building, and k is equal to the subscript j in which n j (j = 2, 3) has the maximum value. Note that, the first building is assumed to be the tallest i.e. n 1 > n 2 , n 3 .
The total stiffness matrix can also be written in the form
where matrices K (j) and can be obtained from equations (8), (10) and (11), by replacing the damping coefficients , and by the corresponding stiffness coefficients , and . The control location matrix T u has the following structure 
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where denotes the control location matrix of the j-th building (14) Note that when there are no actuators in the neighborhood buildings, and are replaced by and , respectively. Finally, the disturbance input matrix can be written in the form , where is a column vector of dimension n 1 + n 2 + n 3 with all its entries equal to 1.
Considering the state vector (15) the following first-order state-space model can be derived from the second-order model of the equation (1), (16) The state matrix in equation (16) can be written as (17) where [0] r denotes an r × r zero-matrix and I r is the identity matrix of order r. The control and disturbance input matrices have, respectively, the following form (18) Regarding the output matrix, five different cases are considered. The first defined output is the vector of story displacements relative to the ground;
y d (t) can be obtained using the output matrix (20) The interstory drifts that are the relative displacements between consecutive floors of the same building make the second output vector, and can be defined as The vector of interstory drifts is given as,
The vector of interstory drifts can be computed with the following output matrix.
where (24) As the third case of outputs, the interbuilding displacement is introduced to describe the approach between the stories placed at the i-th level in the adjacent buildings (25) For the three-building system considered the vector of inter-building approaches is represented as, (26) The vector of interbuilding approaches can be obtained using the output matrix (27) Note that, as it was mentioned before, the middle building is the tallest one. It should be observed that positive values of the interbuilding approaches in equation (25) correspond to a reduction in the distance between the corresponding stories. Clearly, for a given interbuilding separation, large values of the interbuilding approaches may result in interbuilding collisions. To avoid the computational complexity associated with the pounding impacts [43] , different seismic response simulations presented in this paper are conducted under the assumption that the interbuilding separation is large enough to avoid collisions. In this case, the maximum values of interbuilding approaches can be understood as lower bounds of safe interbuilding separation.
In the control of civil engineering structures, absolute acceleration measurements are readily available [44] . So, assuming that n 1 accelerometers are employed and located in each floor of the main building, the sensor outputs' vector which is the 4 th output set will be as
a a a n a a n T 1 12 12 1 13 13 
, y n n n n n n n n n n y n n n n n n n n n n y n n n n 
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which can be obtained using the output matrices (29) where X(i, :) represents the i -th row of the matrix X. It should be noted that the magnitude of the disturbance input matrix w(t) must be added to the calculated acceleration of each story.
To design linear controllers for civil structures, one can minimize a performance index that consisting of both the total energy of the structural system [45] and actuator forces that results in the best structural performance when some random earthquakes are applied to the structure. This scalar performance index forms the 5 th output and is defined as (30) where Q and R are weighting constants defined as (31) So, the measurement vector with the same H 2 norm can be obtained as (32) where (33) Variation of the buildings' parameters, due to changes in masses of each story and material properties, is considered here. As it is shown below, uncertain parameters are represented in a range of proper variations around their nominal values, respectively. In this paper, the goal is to find an output-feedback control system,
Such that, 1) The closed-loop system is asymptotically stable considering parameter uncertainties, 2) Under zero initial condition, the transfer function is minimized for all nonzero w ∈L 2 [0, ∞), where denotes the closed-loop transfer function from the ground acceleration w(t) to measurement signal y e (t). Note that the performance index J, defined in equation (30) is a standard index that should be minimized while the structure is excited by the earthquake. Moreover, by minimizing the H ∞ norm of the closed-loop transfer function from the ground acceleration w(t) to measurement signal y e (t), , the effect of seismic excitation on this performance index is minimized.
CONTROLLER DESIGN
In order to apply the general SSV theory to control system design, the control problem should be recast into the linear fractional transformation (LFT) setting as in Fig. 2, where P(s) is the open-loop interconnection and contains all the known elements including the nominal plant model, performance and uncertainty weighting functions. The Δ pert block is the uncertain element from the set Δ pert , which parameterizes all of the assumed parametric model uncertainties in the problem, and K(s) is the controller to be designed. Three sets of inputs, namely perturbation u Δ , disturbances w, and controls u enter P(s) and three sets of outputs, namely perturbation outputs y Δ , errors z, and measurements y are generated.
In this specific model, w is the ground acceleration due to earthquake, control vector u is which is the vector of control forces produced by actuators in the main building, z is the error to be minimized by the designed controller and can be obtained using equation (32) and measurement vector u is the vector of sensor outputs .
The set of systems to be controlled is described by the upper LFT as
The design objective is to find a stabilizing controller K(s), such that for all such perturbations Δ pert , the closed-loop system is stable and satisfies But, (38) Therefore, the design objective is to find a nominally stabilizing controller K(s), such that for all Δ pert ∈Δ pert , the closed-loop system is stable and satisfies (39) Given any K(s), this performance objective can be checked utilizing a robust performance test on the linear fractional transformation F L (P(s)K(s)). The robust performance test should be computed with respect to an augmented uncertainty structure. The structured singular value provides a correct test for robust performance. K(s) achieves robust performance if and only if (40) The goal of μ-synthesis is to minimize over all stabilizing controllers K(s), the peak value of μ Δ (.) of the closed-loop transfer function F L (P(s)K(s)). More formally, (41) This aim is shown in Fig. 3 . For tractability of the μ synthesis problem it is necessary to replace μ Δ (.) with the upper bound. For a constant matrix M and an uncertainty structure Δ, an upper bound for μ Δ (M) is an optimally scaled maximum singular value, (42) where D Δ is the set of matrices with the property DΔ = ΔD for every D ∈D Δ , D ∈Δ. Using this upper bound, the optimization in equation (41) Figure 3 . μ-synthesis concept.
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Consider a single matrix D ∈D Δ , and a complex matrix M. Suppose that U is a complex matrix with the same structure as D, but satisfying U * U = UU * = Ι. Each block of U is a unitary (orthogonal) matrix. Matrix multiplication by an orthogonal matrix does not affect the maximum singular value, hence (46) Therefore, replacing D by UD does not affect the upper bound. Using this freedom in the phase of each block of D, the frequency-dependent scaling matrix D ω can be restricted to be a real-rational, stable, minimum-phase transfer function, , and not affect the value of the minimum. Hence the new optimization is (47) This optimization is currently solved by an iterative approach, referred to as D − Κ iteration. A block diagram depicting the optimization is shown in Fig. 4 .
To solve the optimization problem, in the first stage consider holding D(s) fixed at a given, stable, minimum phase, real-rational . Then, solve the optimization
Define P D to be the system shown in Fig. 5 . So, the optimization is equivalent to
Since P D is known at this step, this optimization is precisely an H ∞ optimization control problem. The solution to the H ∞ problem is well known and involves solving algebraic Riccati equations in terms of a state-space model for P D .
In the second stage with K held fixed, the optimization over D is carried out in a two-step procedure: -Finding the optimal frequency-dependent scaling matrix D at a large, but finite set of frequencies (this is the upper bound calculation for μ).
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-Fitting this optimal frequency-dependent scaling with a stable, minimum-phase, real-rational transfer function . The two-step procedure is a viable and reliable approach. The primary reason for its success is the efficiency with which both individual steps are carried out.
Finally, a block diagram of the closed-loop system containing the multi-structure building and the designed robust controller is given in Fig. 6. 
VIBRATIONAL RESPONSE TO SEISMIC EXCITATIONS
To design the robust controllers and perform numerical simulation of the seismic response corresponding to the designed controller, a particular three-building system formed by a main five-story building adjacent to two three-story buildings has been chosen. Thus, in equation (1), M is 11 × 11, K is 11 × 11, C is 11 × 11, q is 11 × 1, T u is 11 × 11, T w is 11 × 1 and u(t) is 5 × 1. The nominal values of the system parameters and their bounds of variation are used as those given in Table 1 and the nominal values of these matrices are given in the Appendix.
In the control design procedure R = 10 −4 is considered, and a dynamic controller of order 22 is obtained using MATLAB.
A set of numerical simulations is conducted in order to compare the vibrational response of the three-building structure with and without controller due to two medium-sized and large-sized seismic excitations. For investigation of a mediumsized disturbance, the full-scale North-South El Centro 1940 seismic record obtained at the Imperial Valley Irrigation District substation in El Centro, CA, during the Imperial Valley earthquake of May 18 th , 1940, is used as ground acceleration input. This is a medium-sized seismic disturbance with an acceleration peak of about 3 m/s 2 [46] (see Fig. 7(a) ). For studying the effectiveness of the proposed control strategy when the three-building structure is excited by a large seismic disturbance, the full scale North-South component of the ground acceleration record obtained at the Kobe Japanese Meteorological Agency station during the Hyogoken-Nanbu earthquake of January 17, 1995 is considered. This is a near-field record, corresponding to a close-to-epicenter station, that presents large acceleration peaks and are extremely destructive to tall structures [46, 47] . In order to give a clear idea of magnitude, the Kobe and El Centro seismic records are presented together in Fig. 7 using the same acceleration range.
As a first case, the vibrational response of the active and passive structures due to North-South El Centro seismic excitation is considered. The maximum absolute story displacements relative to the ground, maximum absolute interstory drifts, maximum interbuilding approaches, and maximum absolute control forces are Figure 6 . Block diagram of the closed-loop system. displayed in Fig. 8. Figures 8(a) to 8(h) summarize the peak vibrational responses for both passive and active structures using μ-synthesis controller. The ideal active control forces with no saturation using the theoretical control action u(t) without restriction are shown in Fig. 8(i) . The results in Fig. 8 show clearly the appropriate performance exhibited by the designed active control where peak values for the absolute story displacements relative to the ground, absolute inter-story drifts and inter-building approaches are dramatically smaller than those obtained from passive structure. Moreover, the vibrational response of the adjacent buildings improved, although the control system was only implemented in the main building.
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As a second case, the vibrational responses of the active and passive structures due to North-South component of the Kobe seismic excitation are considered. The maximum absolute story displacements relative to the ground, maximum absolute inter-story drifts, maximum inter-building approaches, and maximum absolute control forces are displayed in Fig. 9 . Figures 9(a) through 9(h) summarize the peak vibrational responses for both passive and active structures using μ-synthesis controller, and the ideal active control forces with no saturation using the theoretical control action u(t) without restriction are shown in Fig. 9(i) . Figure 9 shows clearly the excellent performance exhibited by the designed active control where peak values for the absolute story displacements relative to the ground, absolute inter-story drifts and inter-building approaches are dramatically smaller than those obtained from passive structure, for both the main building and the adjacent ones.
Comparing Figs. 8 and 9, it can be seen that the performance of the designed controller is more appropriate in a large seismic disturbance. However, control forces in the case of large-sized seismic excitation are dramatically larger than the medium-sized one. So, the capability of actuators for large earthquakes must be considered.
The robust performance of the closed-loop system is investigated in Fig. 10 . As mentioned before, K(s) achieves robust performance if and only if
As can be seen in Fig. 10 , the upper bound of the closed-loop system's singular values is less than 1 in a wide range of frequency. So, the robust performance of the active structure is guaranteed in a rational frequency range. Regarding the vibrational protection of the multi-structure system, the prime aspects associated with the action of the designed output-feedback control system consist of specific substructure protection, high-level protection for moderate and large external disturbances and robustness against reasonable parametric uncertainties. Specific substructure protection implies that appropriate levels of vibrational protection can be provided to individual substructures by implanting the output-feedback control systems in them. Additional protection against interstructure collisions is supplied by the actuators. For medium-sized and largesized external disturbances, high levels of vibrational attenuation and very small interstructure approaches can be obtained using active devices. Lastly, the robust stability and robust performance of the closed-loop system are guaranteed in a wide frequency range.
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Maximum absolute interstory drifts (cm) Maximum absolute interbuilding approaches (cm) Maximum absolute control force (10 6 N)
Maximum absolute story displacements relative to the ground (cm) 
CONCLUSION
A robust active structural vibration control strategy for seismic protection of general multi-structures has been proposed considering building's parametric uncertainties. The proposed strategy combines an output-feedback control system with sensors and actuators realised in all floors of the main building for purpose of seismic alleviation. Moreover, this strategy is concerned with the μ-synthesis controller design considering a reasonable range of parametric uncertainties for the modelled structure. The time response and robust performance analysis show that the designed μ-synthesis controller not only attenuates vibration responses of both of main and neighbourhood buildings under medium-sized and large-sized seismic excitations but also achieves the desired robust stability and performance. In other words, it has the ability to withstand parameter uncertainties and to maintain the desired performance at the same time.
In this research, H ∞ norm was used for both performance and robust stability while minimizing H 2 norm can be more useful for attenuating random disturbances. For future works, a multi-objective controller which uses H 2 norm for performance and H ∞ norm for robust stability can be designed for seismic response alleviation of building structures. Moreover these strategies would be applied to practical structures. 
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